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I. INTRODUCTION The cosmological constant problem [1] is one of the most intriguing problems in modern theoretical physics, which still remains unsolved. In principle, quantum field theoretical models predict that the cosmological constant, originating from the vacuum expectation value of certain quantum fields, is 60-120 orders higher in magnitude, in comparison to the observed cosmological constant. In general relativity the cosmological constant is added by hand in the Einstein-Hilbert action, so essentially there is no intrinsic mechanism in the theory that can dynamically induce the cosmological constant. Unimodular gravity offers an interesting and conceptually simple proposal for the cosmological constant problem, since it is a particular case of general relativity, so no new physical assumptions are required. However, it can be suggested that some strong claims which state that the cosmological constant is solved by using the unimodular gravity formalism, should be weakened to some extent, like for example in Ref. [15] . It would be more appropriate to state that unimodular gravity historically offered a proposal to solve the cosmological constant problem, but this cannot be considered to be the full solution of the cosmological constant problem.
In unimodular gravity, the cosmological constant originates from the trace-free part if the Einstein field equations, so the cosmological constant appears in the theory without adding it by hand, and more importantly it is not related to the vacuum expectation value of some matter field. Therefore, in principle the cosmological constant can be fixed from the observed value, hence providing a somewhat artificial solution to the cosmological constant problem. In unimodular gravity, a trace free part of the Einstein equations can be obtained, if the determinant of the metric √ −g is some fixed number, or more generally a function. Also in the context of unimodular gravity the problem of late-time acceleration can be addressed, in which case the full metric is decomposed in two parts, the unimodular metric and a scalar field [20] [21] [22] . Also, in the context of unimodular gravity, the cosmological perturbations of the comoving curvature perturbation originating from primordial quantum fluctuations, are the same as in ordinary general relativity, at least when linear perturbation theory is used [23, 24] . However in some cases, a difference in the perturbations can be found, if certain gauges choices are made, due to the constraint of the metric determinant [23] . Also, in Ref. [24] , a thorough analysis of the primordial curvature perturbations in the context of unimodular gravity revealed that no strong constraints on the theory can be obtained. Particularly, for adiabatic fluctuations, the differences between unimodular gravity and the standard general relativity are suppressed on large angular scales. However, some differences can be traced on the Sachs-Wolfe relation between the gravitational potential and the microwave temperature anisotropies, due to the fact that the shift variable cannot be set equal to zero in the unimodular gravity case [24] .
Owing to the qualitatively interesting implications of the unimodular gravity approach, in this paper we shall consider the F (R) gravity extension of Einstein-Hilbert unimodular gravity. So we shall use the basic assumption of the unimodular gravity, namely the constrained determinant of the metric, and we shall extend the Jordan frame F (R) gravity formalism by taking into account this constraint. The F (R) gravity theories (for reviews see [27] [28] [29] [30] [31] [32] ) have quite appealing features, such as predicting late-time acceleration and early-time acceleration in a unified way [33] , but also many exotic cosmologies for the standard Einstein-Hilbert general relativity, can be realized in F (R) gravity theories, such as bouncing cosmologies [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] , see for example [48, [51] [52] [53] [54] [55] [56] [57] [58] for some recent works on these issues. Also, for an important stream of research papers on F (R) gravity, see Refs. [59] [60] [61] [62] [63] [64] [65] and references therein. Our purpose in this paper is to investigate all the new features that the unimodular constraint on the metric imposes on the F (R) gravity theories. As we demonstrate, the flat Friedmann-Robertson-walker metric is not compatible with the unimodular constraint, so we appropriately fix the metric, in order to satisfy the unimodular constraint. Then, we derive the gravitational equations of motion by using the metric F (R) gravity formalism, and by treating the unimodular constraint by introducing a Lagrange multiplier. The unimodular F (R) gravity formalism results to a new reconstruction method which provides us with two appealing features: First it is possible to realize any cosmological evolution with a specific Hubble rate, and investigate which unimodular F (R) can yield such a cosmological evolution, and secondly, it is possible to fix the F (R) gravity and investigate which cosmological evolution is realized from this F (R) gravity. As we shall demonstrate, by using some characteristic examples, the resulting picture is different in comparison to both standard general relativity unimodular gravity and to F (R) gravity without the unimodular constraint. We also investigate how some inflation-related cosmologies [66] [67] [68] [69] [70] [71] can be realized in the context of unimodular F (R) gravity and we provide a rough estimate of the observational indices. Particularly, we calculate the Hubble slow-roll parameters [72] [73] [74] and we compute the spectral index of primordial curvature perturbations [66, [75] [76] [77] and the scalar-to-tensor ratio related to the Hubble slow-roll indices. Also, by considering the F (R) gravity in perfect fluid description, we calculate the slow-roll indices and the corresponding observational indices in the context of a perfect fluid F (R) gravity and as we demonstrate, concordance with the recent Planck [78, 79] and BICEP2 [80] data can be achieved in some cases. The most important outcome of this paper is the new reconstruction method, which enables us to realize various cosmological scenarios which was impossible to realize in the context of Einstein-Hilbert gravity. For other existing reconstruction methods in the context of F (R) gravities, see [27] [28] [29] [30] [31] [32] [81] [82] [83] [84] .
This paper is organized as follows: In section II A, we discuss the general implications of the unimodular constraint on a Friedmann-Robertson-Walker metric, and we investigate how the metric should be fixed in order to satisfy the unimodular constraint. In section II B, we present in detail the unimodular F (R) gravity formalism and we discuss the implications of the unimodular constraint on the metric F (R) formalism. In section II C, we present some concrete examples of cosmologies that can be realized in the context of unimodular F (R) gravity, and we investigate which unimodular F (R) gravities can realize these cosmologies. We also present some examples of inflationary cosmologies and we provide a rough estimate of the observational indices. In section II D, we treat the unimodular F (R) gravity as a perfect fluid and we calculate the slow-roll indices and the corresponding observational indices. As we demonstrate, in some cases, concordance with current observational data is achieved. Finally, the conclusions follow in the end of the paper.
II. THE F (R) GRAVITY DESCRIPTION OF UNIMODULAR GRAVITY

A. General Considerations
In this section we shall generalize the unimodular Einstein-Hilbert gravity formalism of Refs. , in order to provide the F (R) gravity formalism of unimodular gravity. As in the standard Einstein-Hilbert unimodular gravity, the unimodular gravity approach is based on the assumption that the determinant of the metric tensor is fixed, so that g µν δg µν = 0, which means that the components of the metric are adjusted in such a way so that √ −g is fixed. Throughout this paper we shall assume that the determinant of the metric is constrained to obey the following relation,
Usually in most cosmological studies, for simplicity and also because the Universe seems to be nearly flat, the metric is assumed to be a flat Friedman-Robertson-Walker (FRW) metric with line element,
However, as it can be easily checked, the unimodular constraint of Eq. (1) is not satisfied by the metric (2) . So the FRW metric has to be redefined in such a way so that the unimodular constraint (1) is satisfied, so we redefine the cosmic time coordinate in the following way,
Correspondingly, the FRW metric (2) can be rewritten in the following way,
and it can be easily checked, for the metric (4), the unimodular constraint (1) is satisfied. In the following we shall refer to the metric of Eq. (4) as the unimodular FRW metric. Let us for example consider the case that the FRW metric describes a de Sitter expanding Universe, for which the scale factor is,
with H 0 being an arbitrary constant. In this case, by using Eq. (3), we obtain the relation between the variable τ and the cosmic time, which is,
so by substituting in Eq. (5), we obtain the scale factor of the Universe in terms of the variable τ , which reads,
and therefore, by substituting in the unimodular FRW metric (4), the latter takes the following form,
Consider another example, for which the Universe is described by a power-law scale factor of the form,
where t 0 and h 0 are constants. In this case, by using Eq. (3), we get,
and by substituting in Eq. (9), we easily get the scale factor in terms of the variable τ ,
Therefore, the corresponding unimodular FRW metric (4) takes the following form,
We should note that the metric (8) becomes identical to the de Sitter space metric, if the constants are assumed to satisfy h 0 , t 0 → ∞, by also keeping
to be finite, so that the following limiting case is achieved,
Then by using the unified geometric framework implied by the metrics (8) and (12), we construct the following metric,
with the parameters τ 0 and f 0 being arbitrary real constant numbers. So in the case that f 0 = 1 3 , then this corresponds to a de Sitter cosmological evolution. Correspondingly, if
, which occurs when, h 0 ≥ 1, the Universe is described by a quintessence evolution. Moreover, in the case 0 < f 0 < 1 4 , which implies, 0 < h 0 < 1, the Universe is expanding in a decelerating way. Finally, when f 0 < 0 or if f 0 > 1 3 , which implies, h 0 < 0, the Universe is described by a phantom evolution [85] [86] [87] [88] [89] [90] [91] [92] .
B. Unimodular F (R) Gravity Action and a General Reconstruction Method
Having discussed the essential geometric conventions of unimodular gravity, with regards to the spacetime metric, in this section we proceed to present the F (R) gravity generalization of unimodular gravity. Our aim is to present the general unimodular F (R) gravity function in the Jordan frame, deferring the Einstein frame study to a future work. As we demonstrate, the unimodular F (R) gravity formalism provides us with a quite general reconstruction technique, which enables us to realize a large number of cosmological evolution scenarios, mainly those for which Eq. (3) can be explicitly solved with respect to the cosmic time t. We assume that the metric of the Universe is the one appearing in Eq. (4), and in the following, we denote the metric tensor as g µν and its determinant by g. We shall employ the Lagrange multiplier method [93] [94] [95] in order to satisfy the unimodular constraint, as we now evince. The Jordan frame unimodular F (R) gravity function is 1 ,
where F (R) is a suitable differentiable function of the Ricci scalar curvature R, and λ is the Lagrange multiplier function, which when the action is varied with respect to it, the variation yields the unimodular constraint (1). Moreover, the term S matter contains all the matter fluids present, which are assumed to be perfect fluids. Varying the action (15) with respect to the metric, we obtain the following equation of motion,
where T µν stands for the energy-momentum tensor of the matter fluids. For the unimodular metric of Eq. (4), the non-vanishing components of the Levi-Civita connection and of the curvatures are given below,
where we introduced the function K(τ ), which is equal to K ≡ 1 a da dτ , so it is the analog Hubble rate for the τ variable. In addition, the corresponding Ricci scalar curvature corresponding to the metric (4), is equal to,
which we extensively use in the following sections. By taking into account Eq. (17), the (t, i) and (i, t) components of the equations of motion (16), identically vanish, and furthermore, the (t, t) and (i, j) components yield the following equations,
1 It is expected that unimodular gravity is realized mainly as a quantum gravity. Hence, one may conjecture that constraint in Eq. (15) has a more complicated time-dependent form and quickly decays as the Universe expands, so that gravity takes it'w well known form.
where we assumed that the energy momentum tensor is described by a perfect fluid with energy density ρ and pressure p. Moreover, the "prime" in the above equations denotes differentiation with respect to the Ricci scalar, while the "dot" denotes differentiation with respect to the time coordinate τ . By combining Eqs. (19) and (20), we obtain the following differential equation,
The above differential equation plays a central role in the unimodular reconstruction technique, since it enables us to realize a large number of cosmological scenarios. Actually, by specifying the scale factor a(τ ) of a specific cosmological evolution, then by inserting the scale factor in the differential equation (21), we can solve it and find the F (R) gravity that generates this evolution. Conversely, for a given F (R) gravity, we can find which cosmological evolution it can generate, by solving the differential equation (21) . In addition to this equation, a central role in the unimodular F (R) gravity reconstruction technique is played by both equations (19) or (20), which separately yield the Lagrange multiplier λ. It is worth describing the reconstruction technique in more detail, so for example if the cosmological evolution is specified to have the scale factor a = a(τ ), by plugging the scale factor in the differential equation (21), we can solve it and obtain the F ′ (R(τ )) function which realizes this cosmological evolution, since the differential equation (21) can be regarded as a differential equation which actually yields the function F ′ (R) as a function of τ . The resulting solution will be of the form F ′ = F ′ (τ ), so by inverting the Ricci scalar function R = R(τ ) of Eq. (18), we may obtain the function τ = τ (R). Consequently, by substituting the function τ = τ (R) in the resulting F ′ (τ ) function, we finally obtain the function
, which when integrated with respect to the Ricci scalar, it yields the F (R) gravity which realizes the cosmological evolution with scale factor a = a(τ ).
C. Applications of the Reconstruction Method: Realization of General Cosmological Evolutions
Having described all the essential features of the unimodular F (R) gravity and the corresponding reconstruction method, let us now demonstrate how various cosmological scenarios can be realized in the context of unimodular F (R) gravity. We start off with the cosmological evolution described by the metric (14) , which in view of Eq. (4) it implies that,
and in addition the corresponding Ricci scalar curvature is equal to,
Correspondingly, the differential equation given in Eq. (21), takes the following form,
Let us first consider how the cosmological evolution (22) can be realized from the vacuum unimodular F (R) gravity, in which case the contribution coming from perfect matter fluids can be neglected, that is, ρ = p = 0. In this case, the general solution of differential equation (24) is equal to,
where the parameters C + and C − are arbitrary integration constants. By using the expression for the Ricci scalar (49) , and inverting the function R = R(τ ), the expression in Eq. (25) can be written as follows,
so eventually, by integrating once with respect to the Ricci scalar, we obtain the F (R) gravity, which is
By introducing for notational simplicity the parameters A ± , which are defined to be,
by using Eq. (19), the unimodular Lagrange multiplier function λ reads,
Note that in the case in which the parameter f 0 satisfies the inequality −20f 2 0 + 4f 0 + 1 < 0, the parameters α ± become complex numbers. In this case, by separating α ± into real and an imaginary parts, that is, α ± = α R ± iα I , the resulting F ′ (R) unimodular gravity is given by,
Here C is a complex number and C * is the complex conjugate of C so that F ′ (R) is a real function of R. We proceed to investigate which unimodular F (R) gravity generates the cosmological evolution (22) , in the case that a perfect matter fluid is present, with equation of state p = wρ, where w is the constant equation of state parameter. Then by using the energy momentum tensor conservation law ∇ ν T µν = 0, we find that the energy density is expressed as a function of the time parameter τ as follows,
and therefore, the general solution of the differential equation (24) is given by,
where the parameters C ± are arbitrary integration constants.
As another example, we may consider the following variation from the model of Eq. (22), in which case the scale factor is assumed to be,
which may correspond to the slow-roll inflation case, with f 0 = 1 3 , that is, the de Sitter space-time which corresponds to the b(τ ) = 0 case. For this case we are mainly interested in the inflationary era, so we neglect the contribution from any matter fluids, so we assume ρ = p = 0. We now introduce the variation from the solution appearing in Eq. (25) which is contained in the term f (τ ), as follows:
Then Eq. (21) takes the following form,
Consequently, the general solution of Eq. (35) is equal to,
On the other hand, by using Eq. (33), we find the following expression for the scalar Ricci curvature R,
which can be solved with respect to τ to yield the function τ = τ (R), which is,
where we assumed that f 0 = 1 3 . For the case f 0 = 1 3 , which corresponds to the quasi-de Sitter spacetime, the Eq. (38) reduces to the following,
which can be solved with respect to τ , and then the function τ = τ (R) is obtained. By substituting the resulting expression of the function τ (R) in Eq. (34), and also taking into account Eq. (37), we finally obtain the resulting expression for the F ′ (R) gravity, and eventually the F (R) gravity. Let us present another example with relatively interesting phenomenology, with it's Hubble rate as a function of the cosmic time being,
with H 0 , M , and t i being arbitrary constants. The model (42) describes the R 2 inflation Starobinsky model [96] [97] [98] [99] , and the corresponding scale factor is,
Since the study of this model is done for early times, we can approximate the scale factor (43) as follows,
which easily follows since t i , t ≪ 1 H0 . Then, by using Eq. (3), we easily obtain that the coordinate τ is related to the cosmic time t, as follows,
which can be easily inverted to yield the function t = t(τ ), which is,
with τ 0 being a fiducial initial time instance. Having Eq. (46), we can express the scale factor and the Hubble rate as functions of τ , so the scale factor a(τ ) is equal to,
while the Hubble rate K(τ ) becomes equal to,
In addition, the scalar curvature as a function of the coordinate τ , that is, R(τ ), is equal to,
which can be inverted to yield the function τ (R), which is,
The above relation (50) will be useful for the determination of the F (R) gravity, as we now demonstrate. Let us see which vacuum F (R) gravity generates the evolution (47), and by combining Eqs. (48) and (21), with ρ = p = 0, we obtain the following differential equation,
where we denoted σ = F ′ (R), and the prime denotes differentiation with respect to the Ricci scalar R. The differential equation (51) can easily be solved to yield the function σ(τ ) which is,
with C 1 and C 2 being arbitrary integration constants. By using Eq. (50), the function σ(R) = F ′ (R) becomes,
so by integrating with respect to R, we obtain the final form of the F (R) gravity which generates the unimodular gravity model (47) , which is,
where we have set the arbitrary integration constant C 2 = 1. Moreover, we can explicitly calculate the function λ by using Eq. (19) , and also (53), with ρ = 0 and C 2 = 1, and the resulting expression for the unimodular Lagrange multiplier λ is,
where Q = (6H 0 + M 2 t i ). We can have a rough estimate for the observational implications of the model (47), for early times. To this end we shall compute the Hubble slow-roll indices [72] [73] [74] for the model (47), but we need to note that in order to extract a clear picture regarding the primordial curvature perturbations, the explicit calculation of the comoving curvature perturbation for the F (R) model at hand is needed. However, we can have a rough estimate for the observational indices for the case at hand too. The Hubble slow-roll indices are defined in terms of the cosmic time t, as follows,
so by using the variable τ , we can express the Hubble slow-roll parameters as functions of the variable τ as follows,
and by using the relation (46), the Hubble slow-roll parameter ǫ H becomes,
while η H takes the following form,
Having the slow-roll indices (58), (59) at hand, we can compute the spectral index of primordial curvature perturbations, which in terms of the Hubble slow-roll parameters is given as follows,
but in order to obtain an exact value of the spectral index of primordial curvature perturbations, it is more useful to use the e-foldings number, instead of the variable τ , so we use the definition of the e-foldings number, which is,
So by using (61) and (46), we can find an explicit relation between τ and N , which is,
and by substituting in the Hubble slow-roll parameters, the spectral index of primordial curvature perturbations takes the following form,
By using the following values for the set of the free parameters H 0 , N , M , a 0 , and t i ,
we obtain that n s ≃ 0.966, which is compatible with the Planck result for the spectral index, which is,
We need to stress however that the observational quantities have to be evaluated by calculating the comoving curvature perturbation and the corresponding evolution of the curvature perturbations, in order to provide a more solid result. We intend to present the result of this calculation in a future work.
D. Unimodular F (R) Gravity as Perfect Fluid and Slow-roll Inflation
A quite convenient way of studying general F (R) theories of gravity, which enables us to reveal the slow-roll inflation evolution of a specific cosmological evolution, is by treating the F (R) gravity cosmological system as a perfect fluid. This approach was developed in Ref. [100] , and as was evinced, the slow-roll indices and the corresponding observational indices receive quite convenient form, and the study of the inflationary evolution is simplified to a great extent. Actually, the slow-roll indices and the corresponding inflationary indices can be expressed in terms of the Hubble rate, see Ref. [100] (and also [101] ). Particularly, for a given cosmological evolution with Hubble rate H(N ), the slow-roll indices ǫ, η can be written in terms of the Hubble rate H(N ) as follows,
where N is the e-folding number, which is related to the scale factor a(t) as, a a0 = e N . Consider the case in which,
, which corresponds to the de Sitter spacetime, because we are now interested in the slow-roll inflation regime. Then, by using Eqs. (3) and (33), we find,
where the parameter H 0 satisfies,
Consequently, owing to the fact that dN dτ = K, we find,
and therefore, the corresponding slow-roll indices read,
In the perfect fluid approach of Ref. [100] , the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r can be expressed in terms of the slow-roll parameters (66) as follows,
We
We shall now present a model with quite interesting phenomenology, and we shall investigate which unimodular F (R) gravity can generate this model. Before starting, recall that the recent Planck data [78, 79] indicate that the spectral index n s and the scalar-to-tensor ratio, are constrained as follows,
while the most recent BICEP2 data [80] further constrain r to be r < 0.07. Having these in mind, consider the cosmological evolution with the following Hubble rate as a function of the e-folding number,
Substituting the Hubble rate (73) in the slow-roll parameters (66), these become,
where we introduced the function G(N ), which is equal to,
Having at hand Eqs. (74) and (75), the calculation of the observational indices can easily be done, and the spectral index n s reads,
while the scalar-to-tensor ratio r has the following form,
Concordance with observations can be achieved if we appropriately choose the parameters γ, ζ, δ, and b, so by making the following choice,
the observational indices n s and r, take the following values,
which are compatible with both the latest Planck data [78, 79] and the latest BICEP2 data [80] . Let us now investigate which unimodular F (R) gravity can generate the cosmological evolution (73) , and in order to do so, we need to investigate which scale factor corresponds to the Hubble rate (73) . Since, H =ȧ/a, e N = a/a 0 , b = 1 and also by using Eq. (3) and assuming a 0 = 1, without loss of generality, we have,
which can be written as follows,
By substituting the variable δ = 1/48 which we used in Eq. (79), and by integrating Eq. (82) by parts, we obtain the following quite lengthy result, where we kept the first and last terms, 
where τ 0 some fiducial initial time. Solving Eq. (83), with respect to a is a rather formidable task, so since we are interested in early-time evolution, the scale factor satisfies a < 1, so we keep only the first term in the above expression, and eventually we have,
which can be solved with respect to a, and hence the scale factor as a function of τ reads,
where the parameter A 1 is,
The Hubble rate K(τ ) and the Ricci scalar R for the scale factor (85) read,
and the differential equation (21) becomes,
where y = F ′ (R(τ )) and the "dot" denotes differentiation with respect to τ . Solving the differential equation (88), we obtain the following solution,
with c 1 and c 2 being arbitrary integration constants. From Eq. (87), we can obtain the function τ = τ (R), so by substituting the resulting expression in Eq. (89), we obtain the function F ′ (R), which is, . (90) Note that in such models of unimodular F (R) gravity, graceful exit from inflation may be achieved either via the contribution of R 2 correction terms, or via a Type IV singularity, in which case singular inflation might occur.
III. THE NEWTON LAW IN UNIMODULAR F (R) GRAVITY
In this section we shall discuss an important implication of the Unimodular F (R) gravity formalism and particularly the Newton law in the case of unimodular F (R) gravity.
The total unimodular F (R) gravity with matter fluids action is written as follows,
with the action S matter denoting all the matter fluids present, and Ψ denotes the matter fluids. The scalar-tensor counterpart theory is,
with the potential V (φ) being equal to,
and also the function A(φ) can be found by solving,
In the Einstein frame, the unimodular constraint (1) becomes,
Hence by eliminating the scalar field φ we get,
We now perform a Newtonian approximation of the theory, so we perturb the metric as follows,
By assuming that the background metric is flat, that is, g
µν = η µν , the scalar curvature reads,
with h denoting the trace of the perturbation metric h µν , h ≡ η ρσ h ρσ . Since we assumed a flat background, we get,
and the potential V can be approximated as follows,
Finally, the linearized action reads,
Upon variation of the action (101) with respect to the metric h µν , we get,
where T µν is the energy-momentum tensor and T is the trace of T µν , with T ≡ η ρσ T ρσ . Also by multiplying Eq. (102) with η µν , we get,
Consider the point-like source at the origin, with the following components of the energy-momentum tensor,
By considering only static solutions, the (0, 0), (i, j), and (0, i) components of Eq. (102) and Eq. (103) are,
Notice that in contrast to the usual Einstein-Hilbert gravity, where four gauge degrees of the freedom exist, in the case of unimodular F (R) gravity, only three gauge degrees of freedom exist, due to the unimodular constraint (1) . By imposing the following gauge conditions,
Eq. (108) now becomes,
and by choosing the boundary condition appropriately we get,
Hence, by combining Eqs. (109) and (111), Eqs. (105), (106), and (107) can be rewritten as follows,
Also by appropriately choosing the boundary conditions, the equations above, in conjunction with Eq. (111) become,
The Newtonian gravitational potential Φ is defined by h 00 = 2Φ, and therefore Eq. (112) yields the Poisson equation for the Newtonian potential Φ, which is,
In effect, by redefining the gravitational constant κ as follows,
we get the standard Poisson equation satisfied by the Newtonian potential U ,
with the solution being equal to,
In conclusion, the resulting Newtonian limit of the unimodular F (R) gravity is different from the usual F (R) gravity case, where corrections to Newton's law appear.
IV. CONCLUSIONS
In this paper we studied the extension of general relativity unimodular gravity, in the context of F (R) gravity. In the standard unimodular gravity, the determinant of the metric is constrained to be a fixed number or a function, so we investigated which metric can be compatible with such a constraint, since the FRW metric cannot be compatible. After discussing which metric can be compatible with the unimodular constraint, we imposed this constraint in a Jordan frame F (R) gravity, and we derived the equations of motion, by employing the metric formalism. The resulting equations constitute a reconstruction method which can determine which unimodular F (R) gravity can realize some given cosmological evolution. Also, it enables us to find which cosmological evolution corresponds to a given F (R) gravity. The resulting picture is different from the ordinary F (R) gravity and also different from unimodular Einstein-Hilbert gravity, as was probably expected. By using some characteristic examples, we demonstrated how the reconstruction method operates, and we investigated some inflation-related paradigms, for which we calculated the corresponding Hubble slow-roll parameters. Also, we gave a rough estimate of the observational indices but the calculation has to be done by using the comoving curvature perturbation, and investigating if the resulting evolution of this gauge-invariant quantity leads to a scale-invariant spectrum. This is because, although the unimodular gravity and the Einstein-Hilbert gravity are identical at large scales, this is not necessarily so for the case of unimodular gravity, so this has to be explicitly demonstrated by investigating the perturbation equations from scratch. A way to circumvent this calculation is to treat the unimodular F (R) gravity system as a perfect fluid, in which case the slowroll parameters and the corresponding observational indices, can easily be calculated. We performed this calculation and we demonstrated that in some specific cases, concordance with the observational data can be achieved.
The potential applications of the reconstruction method we presented in this paper are quite many, since it is possible to realize various cosmological evolutions, which are exotic for the standard Einstein-Hilbert gravity and cannot be realized in that case, for example bouncing cosmologies [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . Also, the unimodular F (R) gravity formalism can be extended in other modified gravity theories, with Lagrangian L = (−g) F (R, R µν R µν , R µναβ R µναβ −λ)+λ, or for non-local gravity, with Lagrangian L = (−g) F (R, R m R, d R) − λ +λ, e.t.c., where the coefficients m and d can be positive and/or negative. Another potentially interesting application of unimodular F(R) gravity, and of ordinary Einstein-Hilbert unimodular gravity, is to investigate the solutions corresponding to relativistic stars and black holes. Some important deviations from the general relativistic predictions for relativistic stars are obtained for certain F (R) gravities, so it would be interesting to investigate what new issues the unimodular gravity and unimodular F (R) gravity bring along. Also, since at large scales, the ordinary Einstein-Hilbert gravity and it's unimodular counterpart are indistinguishable, are these two theories indistinguishable at the level of compact objects? And what is the role of unimodular F (R) gravity in the cases that compact objects are considered. Also, an issue we did not address in this paper is the Einstein frame counterpart of the unimodular F (R) gravity theory, which has to be thoroughly investigated, and especially to see how the corresponding scalar-tensor theory behaves near Big Rip singularities and other finite-time singularities [102] . Particularly, the dynamical behavior of cosmological systems near mild singularities, like the Type IV singularity, is strongly affected, as was shown in [58, 98, 99, [103] [104] [105] [106] [107] [108] . Therefore, a concrete analysis of the unimodular F (R) gravity theory near mild and even crushing types singularities is of some interest, and should be appropriately addressed in a future work. We hope to address some of the aforementioned issues in a future work.
